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Issues
In presenting a review of inversions of atmospheric CO2 at a WOCE/JGOFS meeting it seems appropriate to
focus on two questions:
What can the atmospheric CO2 and its isotopic composition tell us about the ocean carbon cycle?
What can the ocean tell us about the atmospheric carbon budget?
In order to answer these questions we need to be able to quantify the extent to which different types of observations
contribute to improved understanding.
The first step is to clarify some definitions [14]. In atmospheric studies we have learnt the importance of
carbon dioxide flux ≠ carbon flux ≠ carbon storage
The first inequality reflects release from terrestrial biomass to the atmosphere in forms other than CO2 - generally
CO and its precursors. The second reflects the transfer of carbon from terrestrial systems to the oceans via
rivers [20]. These differences help explain apparent anomalies such as the very low estimates [12] of oceanic
uptake of CO2.
Atmospheric inversion with isotopes is presented in terms of (a) atmospheric CO2 inversions, (b) global 13C-12C
budgeting and then (c) combining these in joint CO2-13CO2 inversions.
Inversions
The principle that underlies trace gas inversions is that the spatial and temporal distributions of trace gas
concentrations reflect the spatial and temporal distributions of their sources and sinks, modified by the effects of
atmospheric transport. Therefore, using a model to calculate the atmospheric transport, it should be possible to
identify the sources and sinks. There are a range of techniques [4.5]. The two main types are:
Mass balance inversions. These are based on taking the transport equation expressing changes in
concentration, c(r,t), as the combination of transport, T[.] and the net source/sink, s(r,t):

d
c(r, t ) = T [c(r, t )] + s(r, t )
dt
and rewriting it as

s(r, t ) =

d
c(r, t ) − T [c(r, t )]
dt

where the second form is used at those locations (generally the earth’s surface) where the concentration is
known and the source is unknown. The first form is used (generally in the free atmosphere) at those locations
where the source is known (often zero) and the concentrations are unknown.
Synthesis inversions. These are based on the integral form
c(r, t ) = ∫ G(r, t, r ′, t ′)s(r ′, t ′)d 3r ′dt ′
The sources are discretised in terms of prescribed basis functions,

σj (r, t ), as

s(r, t ) = ∑ ajσj (r, t )
j

and the coefficients, aj , estimated by

c(r, t ) ≈ ∑ a jGj (r, t )
j

with
Gj (r, t ) = ∫ G(r, t, r ′, t ′)σj (r ′, t ′)d 3r ′dt ′
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The integral form depends on the boundary conditions. Two main cases are (a) for annually-periodic sources
(so that the concentrations are periodic plus a globally uniform trend) and (b) prescribed initial conditions so
that the inversions follow the full time-dependence. In each case, the fitting of concentrations can be expressed
as a linear regression analysis, allowing uncertainties in the observations to be propagated through the
calculations, thus giving uncertainties for the estimated sources. Generalising this to a Bayesian form allows the
inversions to incorporate additional information to produce combined estimates based on multiple types of
data. The Bayesian form has the additional advantage of reducing the effects of the ill-conditioning in the
inversion. Comparing the posterior probability distributions to the prior distributions gives a measure of how
much information is contibuted by the inversion. However, because these Bayesian inversions incorporate
additional information through the prior distributions, care is needed to avoid ‘double counting’ when comparing
the results to other estimates. For example, many inversions use the air-sea flux estimates from Takahashi et al.
[15] as priors, albeit with large uncertainties.

Isotopes
In atmospheric CO2 inversions, the isotope of most interest is 13C. (14C is important in ocean studies and 18O is
important in terrestrial studies.) The atmospheric budgets for total atmospheric carbon (MA) and atmospheric
13
C (written as RA MA where RA is the 13C:C ratio) are

d
d
+
−
+ +
− −
MA = ∑ ΦX = ∑ [Φ x − Φ x ]
( RAMA) = ∑ ( R x Φ x − R x Φ x )
dt
dt
+
−
where Φ x and Φ x are the one-way carbon fluxes from and to reservoir x.
In the 13C budget, the contributions can be written:

+ +
− −
+ +
−
− +
−
+
− +
−
R x Φ x − R x Φ x = R x (Φ x − Φ x ) + Φ x ( R x − R x ) = R x Φ x + Φ x ( R x − R x )
The first term on the right involves the net flux. The second term has become known as an isoflux and represents a
contribution to 13C change that occurs even in the absence of net carbon flux.
Having two budget equations allows us to solve for 2 unknowns. Most commonly, the technique has been applied to
estimating the net flxues, ΦO and ΦB from the oceans and terrestrial biota. This 2-component budget formalism
has been used in various ways, generally using terrestrial models to estimate

− +
−
Φ B ( R B − R B) :
Quay et al.[17] used a ‘carbon-storage’ form with changes in ocean 13C determined by observations. Tans, Berry and

−

+

−

Keeling [13] used observed air-sea isotopic disequilibria to estimate Φ O ( R O − R O)term.
Heimann and Maier-Reimer [8] produced an estimated budget based on combining the approaches of Quay et al,,
Tans et al., and a third approach based on long-term isotopic relations. Francey et al. [7] and Keeling et al. [10] applied
the Tans et al. form with time dependence. Enting [3] reviewed the statistical aspects of the Francey et al. analysis.
Trudinger [16] has used a response function formalism, so that rather than a slowly-varying isoflux, the isoflux varies
according to the actual isotopic fluxes.
Inversions with isotopes
There have been a number of studies that combine the principles of CO2 inversions and carbon isotope budgeting
•
•
•
•

Keeling et al. [9] performed a CO2 synthesis and used 13C distributions as a check, rather than as part of the
estimation.
Enting et al. [6]developed the Bayesian synthesis formalism for a steady-state inversion of CO2 and 13C data.
2-D mass balance inversions, simultaneously inverting CO2 and 13C, have been performed by Ciais et al. [1,2]
and Morimoto et al. [11].
Rayner et al. [18] performed a 3-D time-dependent inversion of CO2 and 13C.
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Summary
Some illustrative results are:
•
•
•

The main information about global budgets is in the global-scale concentrations.
Enting [5] suggests that estimates from inversions can be presented as cumulative integrals over latitude,
to reduce the degree of negative spatial autocorrelation.
Inversions studies comparing synthesis inversion with 2 forms of mass balance inversion [19] suggest that
estimates of interannual variability are relatively robust.
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Notation

αj Coefficient of basis functions σj (r, t ) in expansion of source/sink distribution.
c(r, t ) Carbon concentration at location r and time t.
G(r, t, r′, t ′) Green’s function defining the concentration at r,t due to a delta-function source at r’,t’.
MA Amount of carbon in atmosphere.
r Position vector.
Rx The
13
C:C ratio of flux from process/reservoir x.
s(r,t) Net source minus sink at location r and time t.
t time
T [.] Transport operator.

+ −
Φ x , Φ x Carbon fluxes to and from the atmosphere from process or reservoir x.
+
−
Φ x = Φ x − Φ x Net carbon fluxes to the atmosphere from process or reservoir x.

σj (r, t ) The jth basis funtion used in expanding the source/sink distribution.
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